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ON THE NORTHCOTT PROPERTY OF ELLIPTIC
CURVES
JORGE MELLO AND MIN SHA
Abstract. In this paper, for an elliptic curve E defined over the
algebraic numbers and for any subfield F of algebraic numbers, we
say that E has the Northcott property over F if there are at most
finitely many F -rational points on E of arbitrary bounded height.
We show that the Northcott property preserves under non-constant
morphism and it holds if the group of F -rational points is finitely
generated. We also establish some typical cases for the failure of
the Northcott property, such as the totally real numbers.
1. Introduction
1.1. Background and motivation. Let A be a subset of the alge-
braic numbers Q. Following Bombieri and Zannier [3], we say that A
has the Northcott property, short Property (N), if for any every positive
number T the set
A(T ) = {α ∈ A : h(α) ≤ T}
is finite, where h(α) denotes the absolute logarithmic Weil height. The
famous Northcott theorem [11] states that the set of algebraic numbers
with bounded degree (over the rational numbers Q) has Property (N).
Given a number field K and a positive integer d, let K(d) be the com-
positum of all field extensions over K of degree at most d. Bombieri
and Zannier [3] asked whether the field K(d) has Property (N). So far,
for this question, due to [3, Corollary 1] we only know that K(2) has
Property (N). More generally, it was showed in [3, Theorem 1] that
K
(d)
ab has Property (N) for any d ≥ 2. Here, K(d)ab is the compositum of
all abelian extensions over K contained in K(d). Another consequence
is that for any positive integer d, the field Q(11/d, 21/d, 31/d, . . .) has
Property (N). Later, Dvornicich and Zannier [6, Theorem 2.1] proved
that for any field F of algebraic numbers with Property (N), any finite
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extension over F also has Property (N). Recently, Widmer [15, Theo-
rem 3] obtained a criterion for Property (N) which yields new kinds of
fields having Property (N); see [4] for further work.
In this paper, we want to define and study Property (N) of elliptic
curves defined over Q.
1.2. Our considerations. Throughout the paper, E is an elliptic
curve defined over Q by a Weierstrass equation. For any subfield F
of Q, E(F ) denotes the set of F -rational points on E. As usual, E(F )
can be made to be an abelian group, and let E(F )tor be the torsion
subgroup of E(F ).
For any subset S of E(Q), we say that S has the Northcott property,
short Property (N), if for any positive number T the set
S(T ) = {P ∈ S : h(P ) ≤ T}
is finite, where the height h(P ) is defined to be the height of its x-
coordinate (see Section 2.1). If E(F ) has Property (N), we also say
that E has Property (N) over F .
We first show that Property (N) preserves under non-zero isogeny.
Theorem 1.1. Let E1, E2 be two elliptic curves defined over Q, and
let F be a subfield of Q. Assume that E1 and E2 are isogenous over F .
Then, E1(F ) has Property (N) if and only if E2(F ) has.
The following is a consequence of Theorem 1.1 by replacing non-zero
isogeny with non-constant morphism but imposing that the curves are
also defined over F .
Corollary 1.2. Let F be a subfield of Q, and let E1, E2 be two elliptic
curves defined over F . Assume that there is a non-constant morphism
defined over F from E1 to E2. Then, E1(F ) has Property (N) if and
only if E2(F ) has.
If one could give a positive answer to the following question, then in
Corollary 1.2 we don’t need to assume that the curves are defined over
F (because we could make deductions in a finite extension of F ).
Question 1.3. Let L/F be a finite extension of subfields of Q. If E(F )
has Property (N), does E(L) also have?
We can settle some special cases for Question 1.3 under some extra
conditions.
Theorem 1.4. Let L/F be a finite extension of subfields of Q. As-
sume that E(F ) has Property (N) and the quotient group E(L)/E(F )
is finite. Then, E(L) also has Property (N)
3For a finite Galois extension L/F of subfields of Q, define the trace
map:
TL/F : E(L)→ E(F ), P 7→
∑
σ∈Gal(L/F )
P σ,
where P σ = (σ(x), σ(y)) if P = (x, y).
Theorem 1.5. Let L/F be a finite Galois extension of subfields of Q.
Assume that E(F ) has Property (N). Then, E(L) has Property (N) if
and only if the kernel of the trace map TL/F has.
Corollary 1.6. Let F be a subfield of Q and L = F (
√
d) a quadratic
extension over F . Let E be an elliptic curve defined over F by an
Weierstrass equation: y2 = x3+ ax2+ bx+ c, a, b, c ∈ F . Let Ed be the
quadratic twist of E defined by y2 = x3 + dax2 + d2bx + d3c. Assume
that E(F ) has Property (N). Then, E(L) has Property (N) if and only
if Ed(F ) has.
We now want to consider the following question.
Question 1.7. For which subfield F of Q, E(F ) has Property (N)?
Note that the torsion points in E(Q) are of bounded height. So, a
necessary condition for E(F ) having Property (N) is that E(F )tor is
finite.
A point in E(Q) is said to be multiplicatively dependent if its co-
ordinates are non-zero and multiplicatively dependent. A special case
of [1, Theorem 1’] by Bombieri, Masser and Zannier is that the multi-
plicatively dependent points in E(Q) are of bounded height.
Hence, another necessary condition for E(F ) having Property (N)
is that E(F ) contains only finitely many multiplicatively dependent
points.
Clearly, if F has Property (N), then so does E(F ). But the converse
is not true in general.
Theorem 1.8. For any subfield F of Q, if the abelian group E(F ) is
finitely generated, then E(F ) has Property (N).
The next corollary follows directly from Theorems 1.5 and 1.8.
Corollary 1.9. Let L/F be a finite Galois extension of subfields of Q.
Assume that E(F ) has Property (N) and the kernel of TL/F is finitely
generated. Then, E(L) also has Property (N).
Example 1.10. Let p1, . . . , pn be distinct prime numbers. Denote
F = Q(µp∞
1
, . . . , µp∞n ), where, for any prime p, µp∞ denotes the group
of p-power roots of unity. Then, for any elliptic curve defined over
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Q, E(F ) is finitely generated (this is a consequence of theorems of K.
Kato, K. Ribet and D. Rohrlich; see [10, Theorem 1.1]), and so by
Theorem 1.8, E(F ) has Property (N). However, the field F itself does
not have Property (N), because F contains infinitely many roots of
unity.
We remark that the converse of Theorem 1.8 is not true.
Example 1.11. Let K be a number field and F = K(2). Then, for any
elliptic curve E defined over K, by the proof of [7, Theorem 4.5] the
rank of E(F ) is infinite. Since F has Property (N) by Bombieri and
Zannier, E(F ) also has.
Now, we want to establish some typical cases for the failure of Prop-
erty (N).
Let Qtr be the field of the totally real algebraic numbers.
Theorem 1.12. Let E be an elliptic curve defined over Qtr. Then,
E(Qtr) does not have Property (N).
For any number field K, let Kc be the cyclotomic closure of K, and
let Kab be the abelian closure of K. That is, Kc is the field generated
over K by all the roots of unity, and Kab is the compositum of all the
abelian extensions over K.
Clearly, Kc is a subfield of Kab. By the Kronecker-Weber theorem,
we have Qab = Qc. However, this is not true in general if K 6= Q.
Let E be an elliptic curve defined over K. Ribet [13] showed that
E(Kc)tor is finite. Zarhin [16] proved that E(K
ab)tor is finite if and only
if E does not have complex multiplication. Besides, it was proved in
[12] that E(Kab) contains only finitely many multiplicatively dependent
points.
Hence, if E has complex multiplication, then E(Kab)tor is infinite,
and so E(Kab) does not have Property (N). We conjecture that this is
true in general.
Conjecture 1.13. Let E be an elliptic curve defined over a number
field K. Then, E(Kab) does not have Property (N).
Finally, we present an application of Property (N).
Let E be an elliptic curve defined over Kc. By [5, Corollary 1 (a)],
there are only finitely many points in E(Kc) with a root of unity as x-
coordinate or as y-coordinate. Here we generalise this result to elliptic
curves defined over Q for points whose coordinates are cyclotomic inte-
gers of bounded house (see Section 2.2 for the definition of house); see
[2] for another generalisation. Here, cyclotomic integers mean algebraic
integers in Qab.
5Theorem 1.14. Let E be an elliptic curve defined by a Weierstrass
equation f(x, y) = 0 over Q. Then, there are only finitely many points
in E(Qab) whose coordinates are cyclotomic integers of bounded house.
We will gather some priliminary results in Section 2 and then prove
the main results one by one in Section 3.
2. Preliminaries
2.1. Height function. For any non-zero algebraic number α, h(α) is
the absolute logarithmic Weil height of α. Let E be an elliptic curve
defined over Q. For any point P ∈ E(Q), define the height of P to be
h(x(P )), denoted by hE(P ), where x(P ) is the x-coordinate of P . The
canonical height of P is defined by
hˆE(P ) = lim
n→∞
h(2nP )
4n
.
For simplicity, we also denote h(P ) = hE(P ) and hˆ(P ) = hˆE(P ) if the
context is clear.
One relation between h(P ) and hˆ(P ) is
(2.1) hˆ(P ) = h(P ) +O(1),
where the O(1) depends only on E. So, in defining Property (N), we
can use hˆ(P ) instead of h(P ).
In addition, for any P ∈ E(Q) and m ∈ Z, we have:
• hˆ(mP ) = m2hˆ(P );
• hˆ(P ) = 0 if and only if P is a torsion point.
Furthermore, for any P,Q ∈ E(Q), we have
(2.2) hˆ(P +Q) + hˆ(P −Q) = 2hˆ(P ) + 2hˆ(Q).
Following the hints in [14, Chapter IX, Exercise 9.8] and using [14,
Chapter VIII, Proposition 9.6], one can show that if P1, . . . , Pr are
linearly independent non-torsion points in E(Q) (assuming r ≥ 1),
then for any integers k1, . . . , kr, we have
(2.3) hˆ(k1P1 + · · ·+ krPr) ≥ c max
1≤i≤r
k2i ,
where c is a constant depending on E and P1, . . . , Pr.
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2.2. Representations via sum of roots of unity. Let µ∞ be the
set of all the roots of unity in C. For any algebraic number α, denote
by α the house of α, which is the maximum of absolute values of all
the conjugates of α over Q.
Loxton [9, Theorem 1] showed that any cyclotomic integer α has a
short representation as a sum of roots of unity, that is, α =
∑m
i=1 ζi,
where ζ1, . . . , ζm ∈ µ∞, and the integer m depends only on α .
We remark that Dvornicich and Zannier [5, Theorem L] extended the
above result to algebraic integers contained in a cyclotomic extension
over a given number field.
2.3. Torsion points on varieties. Let n ≥ 1 be an integer. As usual,
let Gnm be the complex algebraic torus, that is, the n-fold Cartesian
product of the multiplicative group Gm = C
∗ of the complex numbers
C. The elements in µn∞ are called the torsion points of G
n
m.
We say that an absolutely irreducible variety V ⊆ Gnm does not
contain a monomial curve, if it does not contain a curve parametrised
by
x1 = ρ1t
k1 , ..., xn = ρnt
kn,
where ρ1, ..., ρn ∈ µ∞ and k1, ..., kn are integers, not all equal to zero.
The following is a special case of the toric Manin-Mumford conjecture
proved by Laurent [8].
Lemma 2.1. If an algebraic variety V in Gnm does not contain a mono-
mial curve, there are only finitely many torsion points of Gnm on V .
3. Proof of the main results
3.1. Proof of Theorem 1.1. Since E1 and E2 are isogenous over F ,
there is a non-zero isogeny defined over F , say φ, from E1 to E2. Let
φˆ : E2 → E1 be the dual isogeny of φ. Note that φˆ is also defined over
F .
Since φ is in fact a group homomorphism, x ◦ φ is an even function
on E1, and therefore by [14, Chapter VIII, Lemma 6.3], one has that
for any P ∈ E1(Q),
(3.1) (deg φ)hE1(P ) = hE2 ◦ φ(P ) +O(1).
Suppose that E2(F ) has Property (N). For any positive number T ,
define
S(T ) = {P ∈ E1(F ) : hE1(P ) ≤ T}.
We need to show that S(T ) is a finite set. Note that we have (for
instance, see [14, Chapter II, Proposition 2.6 (a)])
|S(T )| ≤ (deg φ)|φ(S(T ))|.
7Clearly, φ(S(T )) ⊆ E2(F ). By (3.1), the points in the set φ(S(T )) are
also of bounded height, and so the set itself is a finite set by Property
(N) of E2(F ). Thus, S(T ) is also a finite set.
Conversely, suppose that E1(F ) has Property (N). For any positive
number T , define
R(T ) = {Q ∈ E2(F ) : hE2(Q) ≤ T}.
Note that we have
|R(T )| ≤ (deg φˆ)|φˆ(R(T ))|.
As the above, we get that R(T ) is a finite set. This completes the
proof.
3.2. Proof of Corollary 1.2. Let σ : E1 → E2 be a non-constant
morphism defined over F . Then, by [14, Chapter III, Example 4.7],
there is a non-zero isogeny φ : E1 → E2 of the form
φ = τ ◦ σ,
where τ is a translation map from E2 to itself. Moreover, one can see
that since both E1 and E2 are defined over F , τ is also defined over F .
So, φ is in fact defined over F . That is, E1 and E2 are isogenous over
F . Now, the desired result follows from Theorem 1.1.
3.3. Proof of Theorem 1.4. By contradiction, we suppose that E(L)
does not have Property (N). Then, there are infinitely many points,
say P1, P2, . . ., in E(L) of bounded height. Since E(L)/E(F ) is a
finite group, we know that infinitely many points in P1, P2, . . . are
the same modulo E(F ). For simplicity, we can assume that all the
points P1, P2, . . . are the same modulo E(F ). So, all these points
P2 − P1, P3 − P1, . . . are in E(F ), and certainly they are of bounded
height (for instance, see [14, Chapter VIII, Theorem 6.2]). However,
this contradicts the assumption that E(F ) has Property (N).
3.4. Proof of Theorem 1.5. We only need to prove the sufficiency.
By contradiction, we assume that E(L) does not have Property (N).
Then, there are infinitely many points, say P1, P2, . . ., in E(L) of
bounded height. By [14, Chapter VIII, Theorem 6.2], each point
TL/F (Pi) in E(F ) is also of bounded height, i = 1, 2, . . .. Since E(F )
has Property (N), there are at most finitely many distinct points in
TL/F (P1), TL/F (P2), . . .. For simplicity, we can assume that TL/F (P1) =
TL/F (P2) = . . .. Define Qi = Pi − P1, i = 2, 3, . . .. Then, all the points
Q2, Q3, . . . have zero trace and have bounded height. That is, they
form an infinite set of points of bounded height in the kernel of TL/F .
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This contradicts the hypothesis that the kernel of TL/F has Property
(N).
3.5. Proof of Corollary 1.6. By [14, Chapter III, Proposition 3.1],
we first note that there is an isomorphism, say φ, defined over L from
E to Ed by sending (x, y) to (dx, d
3/2y). In fact, φ is also an isogeny.
Let σ be the Galois automorphism of L by fixing F and sending
√
d
to −√d. Consider the trace map:
TL/F : E(L)→ E(F ), P 7→ P + P σ.
For any point P = (α, β) ∈ E(L) with zero trace, we have P σ = −P .
By [14, Chapter III, Group Law Algorithm 2.3], we have −P = (α,−β).
Noticing P σ = (σ(α), σ(β)), we now obtain σ(α) = α and σ(β) = −β.
Hence, we have α ∈ F and β = γ√d for some γ ∈ F . Then, φ(P ) =
(dα, d2γ) ∈ Ed(F ). Hence, each point in E(L) with zero trace can be
mapped to a point in Ed(F ) under the isomorphism φ. So, the kernel
of TL/F is isomorphic to Ed(F ). Then, the desired result follows from
Theorem 1.5.
3.6. Proof of Theorem 1.8. Since E(F ) is finitely generated, the
torsion subgroup E(F )tor is finite and we can assume that the free
part of E(F ) has a finite basis, say P1, P2, . . . , Pr. Then, every point
P ∈ E(F ) can be written as
P = k1P1 + . . .+ krPr +Q
for some integers k1, . . . , kr and some torsion point Q ∈ E(F )tor. Then,
using (2.2) and (2.3) and noticing hˆ(Q) = 0, we have
hˆ(P ) =
1
2
(
2hˆ(P ) + 2hˆ(Q)
)
=
1
2
(
hˆ(P +Q) + hˆ(P −Q)
)
≥ 1
2
hˆ(k1P1 + . . .+ krPr) ≥ c max
1≤i≤r
k2i ,
where c is a constant depending on E and P1, . . . , Pr. So, for any subset
of points in E(F ) of bounded height, the corresponding coefficients
k1, . . . , kr are also uniformly bounded, and thus the subset itself is
finite. This in fact completes the proof.
3.7. Proof of Theorem 1.12. Using Corollary 1.2, we can assume
that the elliptic curve E is defined by a Weierstrass equation
y2 = x3 + ax+ b,
where a, b ∈ Qtr, 4a3 + 27b2 6= 0. For any integer k ≥ 1, we define an
elliptic curve Ek by
y2 = (x+ k)3 + a(x+ k) + b = x3 + 3kx2 + (3k2 + a)x+ k3 + ak + b.
9Note that there is an isomorphism from E to Ek defined by sending
(x, y) to (x− k, y).
Since both a and b have only finitely many Galois conjugates (they
are all real numbers), we can choose a sufficiently large integer k such
that for any Galois isomorphism σ we have
(3.2) k3 + kσ(a) + σ(b) > 8 + 12k + 2(3k2 + |σ(a)|).
Then, for any root of unity ζ and any Galois isomorphism σ, we have
(ζ + ζ¯)3 + 3k(ζ + ζ¯)2 + (3k2 + σ(a))(ζ + ζ¯) + k3 + kσ(a) + σ(b) > 0,
which in fact follows from (3.2) and
|(ζ+ ζ¯)3+3k(ζ+ ζ¯)2+(3k2+σ(a))(ζ+ ζ¯)| ≤ 8+12k+2(3k2+ |σ(a)|).
Note that for any root of unity ζ , ζ + ζ¯ is a totally real number, where
ζ¯ is the complex conjugate of ζ . Hence, any point (ζ + ζ¯ , β) on Ek
belongs to Ek(Q
tr), and certainly all these points are of bounded height.
Clearly, there are infinitely many distinct such points. So, Ek(Q
tr) does
not have Property (N). By Corollary 1.2, E(Qtr) also does not have
Property (N).
3.8. Proof of Theorem 1.14. By contradiction, suppose that there
are infinitely many points on E whose coordinates are cyclotomic in-
tegers with house bounded above by a certain number B. Then, by
Loxton’s result mentioned in Section 2.2, there exists a positive integer
M = M(B) such that for any such point (α, β), α and β can be written
as
(3.3) α =
m∑
i=1
ζi, β =
n∑
j=1
ξj,
for some positive integers m,n ≤M and ζ1, . . . , ζm, ξ1, . . . , ξn ∈ µ∞.
Since by hypothesis there are infinitely many such points, there are
fixed positive integers m,n such that there are infinitely many points
(α, β) on E such that α and β are cyclotomic integers and can be
written as in (3.3). This means that the algebraic variety V defined by
f(x1 + . . .+ xm, y1 + . . .+ yn) = 0
(with x1, . . . , xm, y1, . . . , yn as variables) contains infinitely many tor-
sion points of Gm+nm . By Lemma 2.1, the variety V contains a monomial
curve parametrised by
x1 = ρ1t
k1 , . . . , xm = ρmt
km , y1 = η1t
l1 , . . . , yn = ηnt
ln ,
10 JORGE MELLO AND MIN SHA
where ρ1, . . . , ρm, η1, . . . , ηn ∈ µ∞ and k1, . . . , km, l1, . . . , ln are integers,
not all equal to zero. Then, we have
f(ρ1t
k1 + . . .+ ρmt
km , η1t
l1 + . . .+ ηnt
ln) = 0.
So, for any ζ ∈ µ∞, the point (ρ1ζk1 + . . .+ ρmζkm, η1ζ l1 + . . .+ ηnζ ln)
is in E(Qab).
Moreover, there exist finitely many primes, say p1, . . . , pk, such that
ρ1, . . . , ρm, η1, . . . , ηn are contained in the field F = Q(µp∞
1
, . . . , µp∞
k
).
Let µps
1
be the primitive ps1-th root of unity for any integer s ≥ 1. Then,
for any integer s ≥ 1, the point
(ρ1µ
k1
ps
1
+ . . .+ ρmµ
km
ps
1
, η1µ
l1
ps
1
+ . . .+ ηnµ
ln
ps
1
)
is in fact in E(F ). Clearly, these points are of bounded height and
form an infinite set. However, from Example 1.10 E(F ) has Property
(N). We then obtain a contradiction. The desired result now follows.
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